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Abstract: Let Mn be a Legendrian submanifold with flat normal bundle
of a Sasakian space form M˜2n+1(c). Further, Mn is said to be pseudo-parallel
if its second fundamental form h satisfies R(X,Y ) · h = L(X ∧ Y · h). In this
article we shall prove that M is semi-parallel or totally geodesic and if M
satisfies L 6= c+34 then it is minimal in case of n ≥ 2. Moreover, we show
that if Mn is also a H-umbilical submanifold then either Mn is L = c+34 , or
n = 1.
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1. INTRODUCTION
Recall that an isometric immersion f : Mn → M˜n+k from an n-dimensional
Riemannian manifold into n + k-dimensional Riemannian with metric g is
pseudo-parallel if its second fundamental form h satisfies
R(X,Y ) · h = LX ∧ Y · h, (1.1)
where R(X,Y ) is the curvature operator with respect to the van der Waerden-
Bortolotti connection ∇ of f , L is some suitable smooth function on M and X ∧
Y is an operator: (X ∧ Y )Z = g(X,Z)Y − g(Y,Z)X. So M is also referred as
a L-pseudo-parallel submanifold of M˜ . In particular, if L ≡ 0, M is called a
semi-parallel submanifold.
In fact, the definition of pseudo-parallel was introduced in [1],[2] as an natural
extension of semi-parallel and as the extrinsic analogue of pseudo-symmetry in the
sense of Deszcz [7], i.e., the curvature operator of a semi-Riemannian manifold(M, g)
satisfies
R(X,Y ) ·R = LRX ∧ Y ·R,
for any X,Y tangent to M , LR being some real value function on M .
Recently, concerning the study of pseudo-parallel immersion there are many
results (see [1,2,9–11]), where the ambient manifold M˜ has constant sectional
curvature. In particular, we observe that Chaco´n and Lobos [5] studied
pseudo-parallel Lagrangian submanifolds in a complex space form, and gave several
properties. Also, they proved a local classification of pseudo-parallel Lagrangian
surfaces. Analogous to the Lagrangian submanifolds in a complex space form,
we consider Mn is a Legendrian submanifold in Sasakian space form. Such a
submanifold has been deeply studied over the past of several decades. However,
for the pseudo-parallel submanifolds in a Sasakian space form, there is only
A.Yildiz etc’s result [14], where they considered pseudo-parallel C-totally real
minimal submanifolds in a Sasakian space form M˜2n+1(c) and showed it is totally
geodesic if Ln − 14 (n(c + 3) + c − 1) ≥ 0. In the present paper we consider the
Legendrian submanifolds with flat normal bundle in Sasakian space forms, which
satisfy pseudo-parallel condition (1.1).
In section 2 we introduce some necessary basic conceptions and give some
properties. The section 3 is our main results.
2. BASIC CONCEPTS
2.1. Sasakian Space Form
Let M˜2n+1 be a 2n + 1-dimensional Riemannian manifold. M˜ is called an almost
contact manifold if it is equipped with an almost contact structure (φ, ξ, η), where
φ is a (1, 1)-tensor field, ξ a unit vector field, η a one-form dual to ξ satisfying
φ2 = −I + η ⊗ ξ, η ◦ φ = 0, φ ◦ ξ = 0. (2.2)
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It is well-known that there exists a Riemannian metric g˜ such that
g˜(φX, φY ) = g˜(X,Y )− η(X)η(Y ), (2.3)
g˜(φX, Y ) = −g˜(X,φY ), g˜(X, ξ) = η(X), (2.4)
where X,Y ∈ X(M˜). Moreover, if the almost contact structure (φ, ξ, η) is normal,
i.e.
(∇˜Xφ)Y = g˜(X,Y )ξ − η(Y )X, ∇˜Xξ = −φX,
for any vectors X,Y on M˜ , where ∇˜ denotes the connection with respect to g˜, then
M˜ is said to be a Sasakian manifold. For more details and background, see [4]
and [13].
A plane of TpM˜ at p is called φ-section if it is spanned by X and φX, where X
is orthonormal to ξ. The curvature of φ-section is called φ-sectional curvature.
A 2n + 1-Sasakian space form is defined as a 2n + 1-Sasakian manifold with
constant φ-sectional curvature c and is denoted by M˜2n+1(c). As examples of
Sasakian space form, R2n+1 and S2n+1 are equipped with Sasakian space form
structures( more details in [3] and [13]). The curvature of a Sasakian space form
M˜2n+1(c) is given by [13]
R˜(X,Y )Z =
c+ 3
4
(g˜(Y,Z)X − g˜(X,Z)Y )
+
c− 1
4
(η(X)η(Z)Y − η(Y )η(Z)X + g˜(X,Z)η(Y )ξ
− g˜(Y,Z)η(X)ξ + g˜(φY,Z)φX − g˜(φX,Z)φY − 2g˜(φX, Y )φZ),
(2.5)
for any X,Y, Z ∈ TM˜ .
2.2. Pseudo-Parallel Legendrian Submanifolds
Let Mn be an n-dimensional submanifold of a Sasakian space form M˜2n+1(c). If the
one-form η constrained in M is zero, then we say M is a Legendrian submanifold.
It is well-known that for such a submanifold φ maps any tangent vector to M at
any p ∈ M into the normal vector space T⊥p M , i.e. φTpM ⊂ T⊥p M . Actually, a
Legendrian submanifold is special a C-totally real submanifold(i.e. the unit vector
field ξ is orthonormal to M) . Therefore we obtain from (2.3) and (2.4) that for
any X,Y ∈ TM ,
g˜(φX, φY ) = g(X,Y ), η(X) = g˜(X, ξ) = 0,
where g is the induced metric of g˜. As usual, ∇ and ∇⊥ denote by the Lev-Civita
connection and normal connection on M , respectively. Then
∇˜XY = ∇XY + h(X,Y ),
where h is the second fundamental form. Similarly, the Weingarten formula is:
∇˜XN = −ANX +∇⊥XN,
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where N is an normal vector on M and AN is the shape operator. The shape
operator is related to the second fundamental form by
g(ANX,Y ) = g˜(h(X,Y ), N) = g(X,ANY ). (2.6)
If R and R⊥ denote, respectively, the Riemannian curvature tensors correspond-
ing to ∇ and ∇⊥, then the basic Gauss equation and Ricci equation are:
g˜(R˜(X,Y )Z,W ) = g(R(X,Y )Z,W ) + g˜(h(X,Z), h(Y,W ))− g˜(h(X,W ), h(Y,Z)),
g˜(R˜(X,Y )N,V ) = g˜(R⊥(X,Y )N,V )− g([AN , AV ]X,Y ),∀N,V ∈ T⊥M.
The Codazzi equation:
(R˜(X,Y )Z)⊥ = (∇Xh)(Y, Z)− (∇Y h)(X,Z).
Here ∇ = ∇⊕∇⊥ stands for the Van der Waerden-Bortoloti connection, given by
(∇Xh)(Y, Z) = ∇⊥Xh(Y,Z)− h(∇XY,Z)− h(Y,∇XZ).
Moreover, the following facts are well-known:
Lemma 2.1 (see [8]). For a Legendrian submanifold, the following equations hold:
AφXY = AφYX, (2.7)
AφXY = −φh(X,Y ) = AφYX, Aξ = 0, (2.8)
g˜(h(X,Y ), φZ) = g˜(h(X,Z), φY ). (2.9)
Therefore, it reduces from (2.2) and (2.8) that
φAφXY = h(X,Y ) = φAφYX. (2.10)
Moreover, using (2.10) and (2.4), from the Gauss equation we get
R˜(X,Y ) = R(X,Y )− [AφX , AφY ]. (2.11)
For any vector fields Z,W on M , the curvature operator R(X,Y ) with respect to
∇ and X∧Y can be extended as derivations of tensor fields in usual way. Therefore
(R(X,Y ) · h)(Z,W ) =R⊥(X,Y )(h(Z,W ))
− h(R(X,Y )Z,W )− h(Z,R(X,Y )W ), (2.12)
(X ∧ Y · h)(Z,W ) =− h((X ∧ Y )Z,W )− h(Z, (X ∧ Y )W )
=− g(Y, Z)h(X,W ) + g(X,Z)h(Y,W )
− g(Y,W )h(X,Z) + g(X,W )h(Y,Z).
(2.13)
By (2.10),(2.12) and (2.13), if the normal bundle is flat, i.e. R⊥ = 0, then (1.1)
becomes
−AφWR(X,Y )Z −AφZR(X,Y )W
=L
{− g(Y,Z)AφXW + g(X,Z)AφYW
− g(Y,W )AφXZ + g(X,W )AφY Z
}
.
(2.14)
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That is, a Legendrian submanifold Mn with flat normal bundle of M˜2n+1(c) is
pseudo-parallel if only if the Equation (2.14) is satisfied. In particular, if L ≡ 0,
then M is said to be semi-parallel. It is obvious that a totally geodesic submanifold
is semi-parallel.
The following two propositions are the analogous conclusions to [5, Prop.3.1,
Prop.3.2] in case of pseudo-parallel Legendrian submanifolds, respectively.
Proposition 2.2. Let Mn be a pseudo-parallel Legendrian submanifold of Sasakian
space form M˜2n+1. If there exists another function L′ satisfies(1.1) , then L = L′
at least M − V , where V = {p ∈M |hp = 0}.
Proof. If two functions L and L′ satisfy (1.1), we have
(L− L′)X ∧ Y · h = 0.
Choosing an orthonormal basis {e1, · · · , en} of TpM, p ∈M , we get
(L− L′)[ei ∧ ej · h](ek, el) = (L− L′)[−h((ei ∧ ej)ek, el)− h(ek, (ei ∧ ej)el)]
=(L− L′){−g(ej , ek)h(ei, el) + g(ei, ek)h(ej , el)
− g(ej , el)h(ei, ek) + g(ei, el)h(ej , ek)}
=(L− L′){−δjkh(ei, el) + δikh(ej , el)− δjlh(ei, ek) + δilh(ej , ek)} = 0.
For i = k 6= j = l, we have
(L− L′)(h(ei, ei)− h(ej , ej)) = 0.
For i = k = l 6= j, we have
(L− L′)h(ei, ej) = 0.
If L(p) 6= L′(p) for p ∈M , then
h(ei, ej) = 0, h(ei, ei) = h(ej , ej) for ∀i 6= j.
On the other hand, since when i 6= j,
g(h(ei, ei), φej) = g(h(ei, ej), φei) = 0,
g(h(ei, ei), φei) = g(h(ej , ej), φei) = g(h(ei, ej), φei) = 0,
g(h(ei, ei), ξ) = 0,
thus we obtain g(h(ei, ei), N) = 0, i = 1, · · · , n, ∀N ∈ T⊥M since {φe1, · · · , φen, ξ}
is a basis of T⊥M for a Legendrian submanifold, that is, h ≡ 0. Consequently,
{p ∈M |L(p) 6= L′(p)} ⊆ V.
It leads to the proposition.
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Proposition 2.3. Let Mn be a pseudo-parallel Legendrian submanifold of Sasakian
space form M˜2n+1(c) with flat normal bundle , then for any vector fields X,Y ∈ TM
we have
R(X,Y )φH = L{g(φH,X)Y − g(φH, Y )X)}.
Here H = 1n trh is the mean curvature vector.
Proof. Let {e1, · · · , en} be a local orthonormal frame of M , Z unit vector field
of TpM for p ∈M . For any vector U on M , using (2.6), we obtain from (2.14)
g(R(X,Y )Z,AφWU) + g(R(X,Y )W,AφZU)
=L
{
g(Y,Z)g(AφXW,U)− g(X,Z)g(AφYW,U)
+ g(Y,W )g(AφXZ,U)− g(X,W )g(AφY Z,U)
}
.
(2.15)
Taking W = U = ej in (2.15), we obtain
g(R(X,Y )Z,Aφejej)+g(R(X,Y )ej , AφZej)
=L
{
g(Y,Z)g(AφXej , ej) + g(Y, ej)g(AφXZ, ej)
− g(X,Z)g(AφY ej , ej)− g(X, ej)g(AφY Z, ej)
}
.
Assume now that {λj}nj=1 are the eigenvalues of AφZ corresponding to frame
{ej}nj=1. Using (2.6) and (2.7), we get
−g(R(X,Y )Aφejej , Z)+λjg(R(X,Y )ej , ej)
=L
{
g(Y,Z)g(Aφejej , X) + g(Y, ej)g(AφZej , X)
− g(X,Z)g(Aφejej , Y )− g(X, ej)g(AφZej , Y )
}
=L
{
g(Y,Z)g(Aφejej , X) + λjg(Y, ej)g(ej , X)
− g(X,Z)g(Aφejej , Y )− λjg(X, ej)g(ej , Y )
}
.
i.e.
−g(R(X,Y )Aφejej , Z) = L
{
g(Y, Z)g(Aφejej , X)− g(X,Z)g(Aφejej , Y )
}
.
Therefore
g(R(X,Y )φH,Z) = − 1
n
n∑
j=1
g(R(X,Y )Aφejej , Z)
= L
{
g(Y,Z)g(φH,X)− g(X,Z)g(φH, Y )}.
It completes the proof of proposition.
3. MAIN RESULTS
Theorem 3.1. Let Mn be a Legendrian submanifold of Sasakian space form
M˜2n+1(c)(c ≤ 1) with flat normal bundle, then Mn is pseudo-parallel if and only if
it is semi-parallel or totally geodesic.
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Proof. By the curvature tensor (2.5) of M˜ , for any X,Y ∈ TM we have
R˜(X,Y )φH =
c+ 3
4
(g(Y, φH)X − g(X,φH)Y ).
Since R⊥ = 0, the Ricci equation reduces to [AφX , AφY ] = 0, which implies
R˜(X,Y )φH = R(X,Y )φH in view of (2.11). So, by Proposition 2.3 we have(
L+
c+ 3
4
)
(g(φH, Y )X − g(φH,X)Y ) = 0.
It yields L = − c+34 or H = 0.
When L = − c+34 , if c = −3, it means that L = 0. If c 6= −3, i.e. L 6= 0, then it
is easy to get
−g(Y,Z)AφXW + g(X,Z)AφYW − g(Y,W )AφXZ + g(X,W )AφY Z = 0 (3.16)
due to (2.14). Thus, from (3.16) and making use of analogous argument to
Proposition 2.2, we have h = 0, that is, M is totally geodesic.
Next we assume that L 6= − c+34 , then H = 0. By (2.5), for any vector X,Y, Z
tangent to M ,
R˜(X,Y )Z =
c+ 3
4
(g(Y,Z)X − g(X,Z)Y. (3.17)
By making use of (2.14) and (3.17), we have
(
c+ 3
4
− L){− g(Y,Z)AφXW + g(X,Z)AφYW
− g(Y,W )AφXZ + g(X,W )AφY Z = 0
}
= 0.
(3.18)
If we set X = W = ei, and sum over i = 1, · · · , n, using that H = 0, we obtain
L = c+34 or AφY Z = 0 for any Y and Z. The second case means that M is totally
geodesic. Assume in following L = c+34 . Notice that in [14] A. Yildiz et al gave an
necessary condition for a minimal pseudo-parallel C-totally real submanifold to be
totally geodesic is Ln− 14 (n(c+ 3) + c− 1) ≥ 0. Therefore, in this case, Mn is also
totally geodesic.
Conversely, if M is semi-parallel or totally geodesic, obviously it is trivial pseudo-
parallel.
For a constant curvature manifold if its normal bundle is flat, Cartan, E. proved
the following well-known fact (see [6]):
Lemma 3.2 (Cartan, E). Let Mn be a submanifold of constant curvature
space M˜n+k(c), {ξα} local orthogonal normal vector fields, and {hα} the second
fundamental forms corresponding to {ξα}. Then in every point of M , all the Hα
are mutually diagonalizable if and only if the normal bundle of M is flat.
By Lemma 3.2, for any p ∈ M there exists a local orthogonal frame {ei} of
Mn such that all the second fundamental form tensors are mutually diagonalizable,
namely, for any unit normal vector field N ,
AN (ei) = λ
N
i ei,
where λNi are the principle curvatures of M with respect to N .
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Theorem 3.3. For n ≥ 2, let Mn be a Legendrian submanifold of Sasakian space
form M˜2n+1(c) with flat normal bundle. If Mn is pseudo-parallel, then L = c+34 or
M is minimal.
Proof. For a Legendrian submanifold M we may choose an orthonormal basis
of T⊥p M of the form {en+1 = φe1, · · · , e2n = φen, e2n+1 = ξ}. For any i, j ∈
{1, · · · , n}, denote λn+ji by the principle curvature with respect to normal vector
field φej , i.e.,
Aφejei = λ
n+j
i ei. (3.19)
Thus in this case the mean curvature vector can be written as
Hn+j =
1
n
∑
i
λn+ji .
In view of (3.18), setting X = ei, Y = ej , Z = ek and W = el, we have(c+ 3
4
− L
){
δilAφejek − δjkAφeiel + δikAφejel − δjlAφeiek
}
= 0,
where g(ei, ej) = δij and 1 ≤ i, j, k, l ≤ n. Using (3.19), we obtain(c+ 3
4
− L
){
λn+jk δilek − λn+il δjkel + λn+jl δikel − λn+ik δjlek
}
= 0.
Moreover, we have(c+ 3
4
− L
){
λn+jk δilδks − λn+il δjkδls + λn+jl δikδls − λn+ik δjlδks
}
= 0. (3.20)
If we assume j = s, i = k in (3.20), it reduces to(c+ 3
4
− L
){
λn+ii δil − λn+il δil + λn+ll − λn+ii δil
}
= 0.
Further, by summing over i = 1, · · · , n, we have(c+ 3
4
− L
){∑
i
λn+ii δil − λn+ll + nλn+ll −
∑
i
λn+ii δil
}
= 0. (3.21)
Because it follows from (2.7) that
λn+li = g(Aφelei, ei) = g(Aφeiei, el) = λ
n+i
i δil,
therefore Equation (3.21) implies(c+ 3
4
− L
)
λn+ll = 0. (3.22)
On the other hand, using (3.19), it follows from (2.15) that
−λn+ls Rijks − λn+ks Rijls = L{ − δjkδlsλn+il + δikδlsλn+jl
− δjlδksλn+ik + δilδksλn+jk }.
(3.23)
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Since
Rijks =
c+ 3
4
(δjkδis − δikδjs), Rijls = c+ 3
4
(δjlδis − δilδjs), (3.24)
by substituting (3.24) into (3.23), we get
−c+ 3
4
{
λn+ls (δjkδis − δikδjs) + λn+ks (δjlδis − δilδjs)
}
= L{−δjkδlsλn+il + δikδlsλn+jl − δjlδksλn+ik + δilδksλn+jk }.
(3.25)
In the same way, putting i = k, j = s and summing over i = 1, · · · , n and j =
1, · · · , n in (3.25), respectively, we have
c+ 3
4
Hn+l = Lλn+ll . (3.26)
Combing (3.26) with (3.22), we concluded that if (L − c+34 )Hn+l = 0. This
completes the proof of theorem.
It is easy to show the following corollary from (3.26):
Corollary 3.4. For n ≥ 2 and c 6= −3, let Mn be a Legendrian submanifold of
Sasakian space form M˜2n+1(c) with flat normal bundle. If Mn is semi-parallel then
it is a minimal submanifold.
In [14, Corollary 6], the authors showed that for a minimal Legendrian
submanifold Mn of Sasakian space form M˜2n+1(c), if it is semi-parallel and satisfies
n(c+ 3) + c− 1 ≤ 0, then it is totally geodesic. Thus by Corollary 3.4, we have the
following corollary:
Corollary 3.5. For n ≥ 2 and c < −3, let Mn be a Legendrian submanifold of
Sasakian space form M˜2n+1(c) with flat normal bundle. If Mn is semi-parallel then
it is totally geodesic.
Note that Blair proved the following conclusion:
Theorem 3.6 ([4]). Let Mn be a minimal C-totally real submanifold of (2n +
1)-Sasakian space form M˜(c). Then the following are equivalent:
1) Mn is totally geodesic,
2) Mn is of constant curvature K = 14 (c+ 3),
3) S = 14 (n− 1)(c+ 3),
4) κ = 14n(n− 1)(c+ 3),
where S and κ are the Ricci curvature and scalar curvature of M , respectively.
Since the normal bundle is flat, Mn is of constant curvature K = c+34 , in view
of Corollary 3.4, we have
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Corollary 3.7. Let Mn be a Legendrian submanifold of Sasakian space form
M˜2n+1(c) (c 6= −3) with flat normal bundle. If Mn is semi-parallel the following
conclusions are equivalent:
1) Mn is totally geodesic,
2) S = 14 (n− 1)(c+ 3),
3) κ = 14n(n− 1)(c+ 3).
Now recall that an non-totally geodesic Legendrian H-umbilical submanifold
Mn of Sasakian manifold M˜2n+1 is a Legendrian submanifold and its second
fundamental form satisfies the following forms:
h(e1, e1) = λφe1, h(e2, e2) = · · · = h(en, en) = µφe1,
h(e1, ej) = µφej , h(ej , ek) = 0, 2 ≤ j 6= k ≤ n,
(3.27)
for some suitable functions λ and µ with respect to some suitable orthonormal local
frame field {ei} of M [12].
Theorem 3.8. Assume that Mn is a Legendrian H-umbilical submanifold of
Sasakian space form M˜2n+1(c) with flat normal bundle connection. If Mn is
pseudo-parallel then either L = c+34 , or n = 1.
Proof. We consider {e1, · · · , en} as (3.27), then from (3.18) we get(c+ 3
4
− L
){
δilAφejek − δjkAφeiel + δikAφejel − δjlAφeiek
}
= 0. (3.28)
Assume that j = 1 and i = k in (3.28), a straightforward calculation implies(c+ 3
4
− L
)
{(n− 1)(λ− µ)e1 + nµ
n∑
l=2
el} = 0. (3.29)
If L 6= c+34 then the above equation implies that µ = 0 and (n − 1)(λ − µ) = 0
since {ei} is orthonormal, that is, n = 1.
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